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Abstracts
Presenting a relatively simple ab initio m ethod  to calculate full van der  Waals interaction potentials 
be tw een molecules, we give rules for the optimization of basis functions which permit  the reliable 
evaluation of second o rde r  long range interactions. Closed expressions for the long range interaction 
energy are derived in which the orienta tional  dependence  is simplified to the utmost.  Calculations 
show that even for molecules which have no dipole m om ent,  such as ethylene, the strongly anisotropic 
electrostatic  interactions are of the same m agnitude  as the dispersion interactions, but also that the 
anisotropic (“ cross” ) terms in the dispersion energy are about  equal in size to the corresponding 
“ quadra t ic” terms. Even though these anisotropic forces cancel to a large extent  in the cohesion energy 
of the ethylene crystal, they can have im portan t  effects on some of the o the r  crystal properties.
Nous p résen tons  une m éthode  ah initio re la t ivem ent simple pour  calculer des potentiels complets 
rep résen tan t  l’interaction de type van de r  Waals en tre  des molécules, et nous donnons  des règles pour  
l’optimisation des fonctions de base, qui p e rm e t ten t  une évaluation correcte  des interactions à longue 
portée  du second ordre .  On obtien t  des expressions analytiques finies pour  l’énergie d ’interaction à 
longue p o r té e ,  dans lesquelles la dépendance  orienta tionnelle  est simplifiée ju sq u ’à l’extrême. Des 
calculs m ontren t ,  que m êm e pour  des molécules com m e l’éthylène, qui n ’ont pas de m o m en t  dipolaire, 
les interactions électrostatiques fo r tem ent  anisotropes sont du m êm e ordre  de g randeur  que les 
interactions de dispersion, mais aussi que les termes anisotropes de l’énergie  de dispersion (“ cross 
te rm s” ) sont p re sq u ’égaux aux termes “ carrés” correspondants .  M êm e si ces forces anisotropes se 
com pensen t  en grand dans l’énergie de cohésion du cristal d ’éthylène, elles peuvent  avoir des effects 
im portan ts  sur d ’autres  proprié tés  cristallines.
E ine  ziemlich einfache ab-initio-M ethode  fur die B erechnung  von vollständigen van der  W aals­
W echselwirkungspotentia len  zwischen M olekülen  wird vorgelegt und Regeln für die Optimisierung 
von Basisfunktionen werden  angegeben, welche eine zuverlässige B erechnung  der  langreichweitigen 
W echselwirkungen zweiter O rd n u n g  erlauben. Abgeschlossene A usdrücke  für die Energie  der  
langreichweitigen W echselwirkungen werden  hergeleitet,  in welchen die Richtungsabhängigkeit  zum
• •
äussersten vereinfacht wird. Berechnungen  zeigen, dass auch für Moleküle  wie Äthylen,  die kein 
D ipo lm om en t  haben, die stark aniso tropen elektrosta tischen W echselwirkungen von derselben 
G rösseno rdnung  sind wie die Dispersionswechselwirkungen. Die aniso tropen  G lieder  (“cross te rm s” ) 
in de r  Dispersionsenergie  sind den en tsp rechenden  “ q uad ra t ischen” G liedern  ungefähr gleich. W enn
• •
auch diese an iso tropen  Kräfte  sich in der  Kohäsionsenergie  des Athylenkristalls  in grossem Um fang 
kom pensieren ,  können  sie wichtige Effekte auf andere  Eigenschaften des Kristalls haben.
1. Introduction
On the experimental side the study of intermolecular forces has for a long time 
been complicated by the fact that information about these forces had to be
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extracted from various bulk properties, which are ensemble averages [1]. Tech­
niques such as beam scattering [2, 3] and the spectroscopy of van der Waals 
molecules [4] constitute a significant improvement in this respect. For simple 
systems, for instance rare gas atoms [5], the collected experimental data have 
led to the availability of accurate van der Waals potentials. Still, in most cases one 
has to assume simple parameterized forms of these potentials in order to be 
able to interpret the experiments. Moreover, the experimental data often do 
not lead to complete information about the (anisotropic) interactions between 
molecules.
Another important source of knowledge about van der Waals forces is formed 
by the semi-empirical methods, usually based on London’s ideas, i.e., the use of 
first and second order perturbation theory accompanied by a multipole expansion 
of the interaction operator or a monopole approximation to the charge distribu­
tion. Subsequently, experimental quantities, such as polarizabilities or oscillator 
strengths from optical spectra, are substituted into the resulting expressions, thus 
yielding accurate values for the long range (induced dipole-induced dipole) 
interaction coefficient C6 [6]. The experimental properties required to calculate 
the angular dependence of this coefficient or the values of higher coefficients (C8, 
Cio) are not readily accessible, however.
When using the long range interaction coefficients obtained from semi- 
empirical methods, but equally those from ab initio calculations [7-10], one 
should verify, whether they still yield an adequate representation of the interac­
tion in the important region of the van der Waals minimum. Hence a need exists 
for ab initio calculations of the full van der Waals interaction potentials, especially 
for molecules, because for those even the long range data are scarce. For that 
purpose, one can either refine London’s long range theory by taking into account 
the exchange and charge penetration effects which occur at smaller intermolecular 
distances, or one can extend the s c f  “supermolecule” treatment that is commonly 
applied at short range. In order to include the dispersion energy, which is an 
intermolecular correlation effect, the supermolecule treatment must go beyond 
the independent particle model; in addition, one must separate the intermolecular 
correlation contributions from the much larger intramolecular correlation energy. 
The approach we have taken to this problem is to use valence bond type wave 
functions based on monomer states and, thereby, related to the perturbation 
scheme; exchange effects are correctly included and the interaction operator is not 
expanded in a multipole series. This approach permits calculations of van der 
Waals forces in molecular systems which are somewhat larger than the simple 
four-electron examples, He-He, H e -H 2, and H 2-H 2.
In this paper we describe the main features of this method and illustrate some 
rules that must be satisfied by the basis functions in order to include the second 
order long range interactions correctly in the calculations. Furthermore, we 
concentrate on the occurrence of anisotropic terms in the long range inter­
action energy and look at the importance of such terms in the ethylene molecular 
crystal.
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2. Method for Calculating van der Waals Interactions. Rules for Choosing the
Basis
The valence bond ( v b )  type method we use to calculate van der Waals 
interaction energies between closed shell molecules A  and B proceeds by solving 
a secular problem with wave functions of the type Y\kA)\kB). This secular 
problem can be solved by standard matrix diagonalization methods (yielding all 
eigenvalues) up to about 300 v b  structures, by Nesbet type diagonalizations [11] 
or by perturbation type methods [12,13] for much larger problems. The monomer 
states |kA) and \kB) are described by single configuration wave functions obtained 
from molecular s c f - l c a o  calculations. From the ground state v b  structure 
(kA = 0 ,  kB -  0) we extract the first order electrostatic energy; inclusion of the 
monomer excited states yields second (and higher) order induction (kA = 0, kB ^  0 
or kA 5* 0, kB =  0) and dispersion (kA ^  0, kB ^  0) forces. The Young operator Y, 
which is a spin-free equivalent of antisymmetrization and spin projection [14,15], 
ensures that the exchange effects are included in all orders. For large distances the 
intermolecular effects of Y  vanish and the v b  results converge asymptotically to 
the London perturbation theory results [16]. For intermediate distances, includ­
ing the region of the van der Waals minimum, the orbitals used to construct the 
monomer wave functions can be orthogonalized without appreciably changing the 
interaction energy, provided one uses a particular orthogonalization procedure 
[16, 17] which leaves the first order energy invariant and keeps the virtual orbitals 
as localized as possible.
The approximation of the monomer states |kA) and \kB) by single configura­
tion wave functions implies that we neglect the effects of intramonomer correla­
tion on the interaction energy. From calculations on small systems, e.g., He-He 
around the van der Waals minimum [ 18], H e -H 2 and H 2-H 2 in the long range limit 
[10], it can be estimated that those effects do not exceed 10% of the dispersion 
energy, except in particular cases such as Be-Be, Mg-Mg, Ca-Ca [9], where 
configuration mixing is known to be substantial already in the monomer ground 
state.
The excited wave functions \kA) and |kB) are not chosen to represent physical 
excited states, corresponding with optical spectra, since this would necessitate the 
inclusion of continuum states. Instead, we only require for each monomer these 
excited states to approach a complete set for bound states, together with the 
ground state wave function. In a very elegant calculation of the leading compo­
nent C6R ~(’ of the long range interaction energy between two hydrogen atoms, 
using Hylleraas’ variation principle, Hirschfelder and Lowdin [19] have shown 
how this can be performed. The excited 2p, 3p, etc., states required to describe the 
induced dipole-induced dipole interaction were not chosen as the discrete eigen­
states of the hydrogen atoms, but rather as a set of orthogonalized Slater-type 
orbitals with constant exponent [20] equal to the ls-exponent.  Murrell and Shaw 
[21] have demonstrated that only one excited 2p orbital with an optimized 
exponent slightly smaller than the ls -exponent already yields over 99% of the
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C6-value in H 2 and that similar rules apply to the higher (quadrupole) terms, using 
3d functions. Similarly, for He-He one obtains rather accurate values for the long 
range interaction coefficients C 6, C8, and C 10 by taking into account only the 
lowest single configuration ]P and lD wave functions and then minimizing the 
second order energy with respect to the 2p and 3d orbital exponents [22, 23]. 
Inclusion of the excited states so obtained, in a v b  calculation [23] yields a van der 
Waals minimum with 90% of the well depth expected for uncorrelated He atoms
[24]. This minimum is in a very good agreement with the experimental well depth
[25], since the remaining 10% of the dispersion energy which could be obtained 
by extending the basis with higher functions, e.g., 4/, is almost canceled by the 
effect of intramonomer correlations on the interaction energy. (Such a cancella­
tion will always occur to some extent since experience teaches that the monomer 
correlation tends to weaken the dispersion interactions.)
This procedure of optimizing the nonlinear parameters (atomic orbital expo­
nents) occurring in the monomer excited state wave functions can be extended, in 
principle, to molecular systems. For the second order perturbation energy, 
describing the induction and dispersion forces, this optimization can be justified 
from Hylleraas’ variation principle. The same procedure can also be applied to the 
corresponding contributions in the v b  method. So, for instance, in a v b  calculation 
on H e-H 2 [26] we have optimized the exponents of extra 2p and 3d orbitals on 
hydrogen which were added to the Is, 2/?cr, and 3da orbitals occurring in the 
ground state occupied m o  in order to construct better molecular polarization 
functions on H 2 (the virtual m o s  from a ground state s c f - l c a o  calculation). The 
optimum values of the (Slater) exponent of these 2p and 3d orbitals are somewhat 
smaller than the Is exponent, just as in the atomic calculations. We illustrate the 
quality of this a o  basis by calculating the dipole polarizability* of H 2, which 
yields: a\\ = 7.08 a.u., a ± =  4.63 a.u. in good agreement with the experimental 
data measured at a wavelength of 6328 A [29] of an = 6.94 a.u., a ± = 4.82 a.u.
Also, we have tested the effective completeness of the basis of Ref. [26] by 
evaluating the ratio s t m / c m  (which must of course be one if the basis |k) were 
complete), where,
STM = r  <0| Q,,m |A:)(/c| Q,.,m-10)
k
(sum over transition moments)
CM = ( 0 |0 /,m0,.,m. |0 ) -< 0 |0 /,m|0>(0/.,m.|0) (1)
(closure moment)
and Qi m, Q/,m' are the lowest multipole operators (dipole, quadrupole, octupole) 
occurring in the expansion of the interaction operator V AB (see next section). For 
the dipole operators (/ =  / ' =  1) this yields a ratio s t m / c m  of 0.999 in the direction 
parallel to the molecular axis of H 2 and 0.997 in the perpendicular direction.
* W e have used a second o rd e r  formula for the polarizability with state  energy differences in the 
d en o m in a to r  [27], which corresponds  closely to the uncoupled  H a r t r e e -F o c k  m e tho d  b of Ref. [28].
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For larger m olecules  a full op tim ization  of all a o  exponen ts ,  including those of 
the a tom ic  polariza tion  functions (e.g., 2p on H , 3d  on C  and  O), would  requ ire  a 
considerab le  a m o u n t  of co m p u te r  time, no t only if we should pe rfo rm  it in a v b  
calculation, bu t  even if the long range  p e r tu rb a t io n  fo rm ula  and  the  m ultipole  
expansion  w ere  used. T h e  experience  we have gained with sm aller systems can be 
very helpful in the choice of a good  basis, how ever,  as we see from  the results in 
T ab le  I w here  the effective com ple teness  of d ifferent a o  bases u n d e r  the  dipole 
o p e ra to rs  is co m p ared  for the m olecules  C 2H 4 (see also Ref. [27]), H 20 ,  and  
H C O O H .
W e generally  find tha t  the c m , which are expec ta tion  values of the  g round  state 
wave functions, do  no t vary m uch for the  different bases. (They are even m ore  
s table  than  the  calculated  values of som e p e rm a n e n t  m om ents ,  which are also 
shown and  co m p ared  with experim en ta l  values in T ab le  I.) T h e  s t m  deviate  
strongly from  the closure m om en ts ,  how ever,  if the  basis is too  small (A, B  for 
C 2H 4 and  A , B , C  for H C O O H ) ;  also for large basis sets which are  not 
app rop r ia te ly  chosen (C  for C 2H 4 and  D  for H C O O H )  the deviations are  still
T a b l e  I. Completeness test under the dipole operators. Tabulated is the ratio s t m / c m  as 
defined by formula (1), on the basis of tesseral harmonics: x - 2  _1/2( - Q i , i +  Q i - i ) ,
y =  i{2 /2)(Qi,i  +  Q i . - i ) ,  and z =  Qi.o-
Lowest perma­
nent moment
STM/CM; in parentheses: CM(a.u.)a
x,x y,y z,z
Ethylene*3 
Basis sets:
A. Split valence
B. Double zeta (DZ)
C. DZ + pol. f. (SCF 
optimized)
D. DZ + pol. f. (polari- 
zability optimized)
< Q 2 0>(a.u.)c f
-2 .74
-2 .73
-2 .74
-2 .55
0.77(9.79)
0.74(9.78)
0.88(9.58)
0.96(9.74)
0.90(11.56)
0.90(11.53)
0.97(11.21)
0.97(11.29)
0.25(8.58)
0.42(8.91)
0.72(8.85)
0.94(8.71)
Formic acid*3 
Basis sets:
A. Minimal
B. Split valence
C. Double zeta (DZ)
D. DZ 4- pol. f. (SCF 
optimized)
</i>(a.u.)c
0.59
0.65
0.72
0.78
0.50(10.13)
0.67(10.49)
0.65(10.73)
0.87(10.41)
0.57(11.52)
0.74(11.41)
0.71(11.74)
0.89(11.08)
0.12(8.29)
0.39(8.47)
0.40(8.88)
0.77(8.81)
Water*3
Extended basis set 
(double pol. f. on 0,
<Ai>(a.u.)c
0.81 0.95(4.34) 0.95(4.27) 0.92(3.82)
single pol. f. on H)
a Definition of coordinate system: for ethylene the origin is in the middle of the CC bond, the y-axis 
is directed along CC; for formic acid the origin is in the center of mass, the x-axis is directed parallel to 
the H C  bond; for water the origin is at the O  atom, the x-axis is directed along the O H  bond; in all cases 
the z-axis is perpendicular to the molecular plane. The very small nondiagonal (x, y ) terms, appearing 
for water and formic acid, have been omitted from this table.
b Basis sets from Ref. [27] (ethylene), Ref. [30] (formic acid), and Ref. [31] (water). 
c Experimental value of the quadrupole m om ent com ponent Q2,0 for ethylene: -2 .75 a.u. [32]. 
Experimental values of the dipole m om ent (/x) (defined by </x) =  (Qi,o- 2Q i. iO i ,- i )1/2): 0.55 a.u. for 
formic acid [33], 0.73 a.u. for water [34].
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substantial.  We have found similar results for the higher m o m en t  opera to rs .  So, 
vve conclude that the com pleteness  of the m olecular  g round  state plus excited state  
wave functions depends  strongly on the a o  basis. Just  as in the H 2 molecule and 
the He and H atoms, a tom ic  polarization functions m ust be included in the basis 
with exponen ts  som ew hat smaller than  the valence orbital exponents ,  in o rd e r  to 
calculate reliable second o rd e r  quantities . For e thylene, again, this conclusion is 
supported  by the calculated values of the m olecu lar  polarizabilities. For exam ple , 
the dipole polarizability tensor  calculated with basis D  yields [27]:
a xx =  26.5 a.u., a vv =  41.1 a.u., a zz = 23 .2  a.u.
in good ag reem en t  with the experim enta l  values [35]:
a xx =  26.1 a.u., a yy =  36.4 a.u., a zz =  23.0 a.u.
T he  van der  W aals po tentia l  be tw een  two e thy lene  molecules we have, as yet, 
only calculated by the v b  m ethod  in the smaller basis A  [16]; the long range 
in teractions (electrostatic, induction, and  dispersion) have a lready been  eva lua ted  
in all bases [27] and m ore  extensive v b  calculations are in progress.
3. Long Range Interactions and their Anisotropy
W hen the distance be tw een  the in teracting  systems becom es so large tha t  we 
can neglect exchange and pene tra t ion  of their  charge distributions, the main 
con tr ibu tions  to the in teraction  energy  can be ob ta ined  from the well known 
L ondon  pe r tu rb a t io n  formulas. Usually the calculation of this energy  is simplified 
by expand ing  the in teraction  in a m ultipole  series. W hen  expressing the m ultipole 
m om ents  in spherical harm onics  Y im [36],
477
-21a +  1 J
1/2
I  Z j lCA Y ^ mA(riA) (2)
and using the irreducible tensor  formalism [37], a closed form ula  for the e x p a n ­
sion of the in teraction  energy in pow ers  of the distance R  can be ob ta ined  [38]. 
This form ula  is also very suitable to study the d ep en d en ce  of the energy  on the 
o r ien ta t ions  of the in teracting  molecules. In expression (2) the sum m ation  over  i 
runs over  all particles in m olecule  A  with charges Z, and coord ina tes  riA = 
(riA, ?i a ) in a local system of axes. T he  irreducible tensor  p roduc t  be tw een  two sets 
of tensors  Q u  = {Ou ,mJ m A = - l A, . . . ,  lA } and Q,B =  {Q,B,mB\mB = - l B, 
is defined by [37]
[Qu ®  Q/b]L = I  OiA,mAQiB.mB(U, mA ; lB, m B\l, m )  (3)
rriA^rrtB
w here  (/A, m A ; lB, m B\l, m )  is a C le b sc h -G o rd a n  coefficient. T he  m ultipole  
expansion  of the in teraction  V AB be tw een  two charge clouds A  and B connec ted
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by the vector R = (R, R ), pointing from A to B, then becomes
oo cc
y AB = I  I  c UJbr
u=o /s=o
^A^B
I ( - 1  r Y u+lB^ m(R )
m  =  — Ia  — Ib
with
Q a Jb  ~  (  1 ) / b
477
.21A +  2/b +  1_
1/2/ 2 L  +21, '  1/2B
21
(4)
where the multipole moments on A and B are first coupled to a tensor of 
maximum order lA + l B, which is then coupled with the geometrical factor 
Yu+iB- m(R) to a scalar. A very short derivation of formula (4) has been given in 
Ref. [15].
The quantum mechanical first order electrostatic interaction energy between 
molecules is directly obtained from the classical interaction formula (4) by 
interpreting the multipole moments Q/A(rA) and Q/0(rs ) as operators and taking 
their expectation values: (0a |Q/a|0a ) and (0b |Q/b|0b). When the molecules A 
and B are rotated around their local origins over Euler angles coA = (aA, /3A, yA) 
and coB = (aB, /3S, yB) the variation of the first order energy is expressed by
AjE(1)(R, to,*, a>B) =  I  I  Cu ,lBR
I a  = 0  lB =  o
oo oo I ( - 1)m
rn = -¡a  -Ib
x  Y,A+,s._mGR)[<0A|Q j 0 A> • D ' - W ) ®  <0B|Q,a |0B> • D '^ W ) ] ^ " ’ (5)
where is the matrix representing co in the (2/ + l)-dimensional irreducible
representation of the rotation group so(3) [36]. This first order energy is strongly 
anisotropic; it can change sign upon rotation of the monomers. It follows 
immediately from the orthogonality relation in so(3),
1 r 2rr
877 0
7r
0
2rr
D°(a[3y)oi)D1 (afiy)„lm' da sin d/3 dy  = Sm0SmVS,0 (6)
0
that it vanishes when averaged (with equal weight) over all orientations of one of 
the subsystems, except when this subsystem carries a charge (monopole moment).
The multipole expansion of the second order (induction and dispersion) 
energy reads as follows:
A £ (2)(R) X Z G a ,Ib G \ , I bR
/ a , / a  Ib Jb
A  B  ‘A  lB *
OO 'a +'b
x  r  (e 0a -  E kA
/ca,/cb=ü
Ob Ek„)
-1
i I ( - 1)
m  '
m  = — Ia ~Ib  rn' =  — Ia — Ib
 ^ YlA+lB,—m (R ) Y,x+lh- m( R  )[<0A |QiA \kA > ® <0B |Q/S |fcfl>]t +,B
x [(^a Q/a 0a )® ( /cb |Q/0|0b)]^ (7)
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Although the rotational dependence of AjE(2) can actually be derived from 
formula (7) by substitution of the rotation matrices D^co), just as in the first order 
energy Eq. (5), the resulting expression then becomes a rather complicated 
function of coA and coB [39]. A  simplification is obtained by expanding the product 
of the two spherical harmonics dependent on R  in a Gaunt series and expressing 
the product of the two tensors, each composed of two transition moments, in 
irreducible products. The latter operation yields an expansion in fourfold tensor 
products, which can be further simplified by the following recoupling scheme, 
which is also physically appealing because it expresses the second order energy as 
an interaction between just two tensors localized on the subsystems. First couple 
the transition moments (considered as irreducible tensors) on monomer A  
together and also those on monomer B;  then couple the resulting monomer 
tensors. This yields, after some algebra [15] and substitution of the rotation 
matrices, an expression for the second order energy in which the simplification of 
the rotational dependence is pushed to its limits:
A £ (2)(R, m a , m b ) — (4-77-)1/2 I  Z (-1)'«
UJ A  Ib Jb
* A ( I a , l'A, /s , Ib )R ‘A  lB  A  lB  ~ X X X B ( l A i I a i  L a  \ Ibi I b i L b ; L )
L a . L b  L
x  r  (E0A- E kA
x [ i (0 A \Qu\kA) ® ( k A \Qlx\0A)lL* ■ D l*(o>a ')
-U U  
M (8)
in which
La |^ A IA 5 • • • > A^  ^A
L b  =  | Ib  ~  I  b  - 1 Ib  I  b
L \La Lg , . . . ,  JL>a “I- L 
h i  — —L, . . . ,
and
{21 A + 2 l B -I- \)\{2l'A +  2TB +  1)!
21 a !2/r  ! 2 / ' J 2 / r !
1/2
(2La 4- 1)(2Ljb +  1) 
2L + 1
1/2
x  <
/ '
B B
L a
L b >
B
where the expression between curly brackets is the Wigner 9 — ƒ symbol [40]. Note  
that the “moments” on A and B  having order L A and LB, respectively, are
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coupled to all possible L-values. This is different from the first order energy where 
the monomer moments are coupled to maximum L-value only. So, the second 
order energy can not be given a classical interpretation of interacting mutually 
induced moments.
When this result for the second order energy is averaged over all <oA and it 
follows easily, as in first order, that only the contributions with LA = 0 and L B = 0 
remain. These contributions arise only from the so-called quadratic terms [41] in 
the second order energy (lA = l'A, lB = l'B). The cross terms with lA ^ l'A or lB ^ l'B 
can change sign upon rotation and average out. If we substitute the expression for 
the rotationally averaged transition moments,
n '¿ - ( 2 /  + l ) - 1 I  |<0|CUfc>|2 (9)
m  =  — l
the average second order energy becomes [15]
(AE (2\R))= I  (21\+, 21b)R-21*-2'*-2
U J b  '  /
x r  (£0a -EkA +E0b -EkBr 'T (tL T ^L  (10)
which is simpler than the corresponding expression derived by Riera and Meath 
[39, formula (31)]. Actually, the lowest term (lA = lB = 1) in formula (10) has the 
same appearance as the simple London formula for the induced dipole-induced 
dipole interaction between atoms. So, our derivation forms a proof that the 
London formula and its generalization to higher moments are equally applicable 
to the interactions between arbitrary, freely rotating molecules.
These averaging characteristics of the anisotropic interaction energies are very 
important for the properties of nonideal gases (liquids) where the molecules do 
rotate more or less freely. In a (1/kT)  expansion of the second virial coefficient 
[42], the electrostatic energy, contrary to the second order interactions, does not 
contribute to the linear term. Therefore, the contribution of the electrostatic 
forces, although these are often larger (when not averaged) than the induction or 
dispersion forces, is generally dominated by the latter [43].
Also in molecular crystals, the anisotropic interactions may cancel to some 
extent, even though the motions of the molecules about their equilibrium posi­
tions are mostly small. This is because a given molecule usually sees neighbors 
with many different orientations. We have studied the importance of the aniso­
tropic interactions in a system of two ethylene molecules [27] and, also, in the 
ethylene molecular crystal [44].
In Table II one can observe that the electrostatic energy in the ethylene dimer 
is comparable in size to the dispersion energy (the induction energy is much 
smaller) and therefore forms a strong anisotropic component in the ethylene- 
ethylene interaction. The second order cross terms have the same magnitude as 
the quadratic terms arising in the same power of R and, for this reason, the
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T a b l e  II. Coefficients in the R - 1 expansion of the first and second order interaction energy for the 
ethylene dimer, calculated from l c a o - s c f  wave functions on the monomers. The electrostatic 
coefficient C /a+,„ + i(/a , lB) represents the interaction between a permanent 2>A multipole on molecule 
A  and a permanent 2lfi multipole on B. Similar definitions apply to the induction and dispersion
coefficients.
Geometry
l a
Geometry 
II a
Isotropic3
Electrostatic*3
C 5^2 A ' 2 B^
(a.u. x 10 + l ) 450.8 -240.4 --
^7^2 A ' 4 B  ^ + ^7 (4 A ' 2 B^ (a.u. x 10'1 ) -158.3 101.9(=57.2+44.7) --
C 9^2 A-6 B  ^ + C 9^6 A ' 2 B^  I (a.u. x 10*3 )
31.9 4.0(=13.4—  9.4) --
C 9^4 A-4 B^ 27.2 -  16.4
--
Induction*3
^ 8 ^  a  1 A ' 2 B  ^ + C 8^2 A ' 1 B 1 B^ (a.u. x 10'2 ) -  13.5 -  14.0(=-2 .0 -1 2 .0 ) -  5.9
C 10^2 A 2 A-2 B  ^ + C 10^2 A ' 2 B 2 B^ (a.u. x 10'4 ) -  3.7 -  3.4(= — 0.7—  2.7) -  2.1
Dispersion*3, quadratic
^ 6 ^1 A 1 A •1B 1B ^ (a.u.) -340.8 -394.6 -398.7
C 8 ^ A 1A ' 2 B 2 B^  + C 8^2 A 2 A ' 1B 1B^ (a.u. x 10'2 ) -117.9 — 164.2(= -97 .9 -66 .3 ) -168.9
c i o (2 a 2 a <2b 2 b * \, (a.u. x TO'4) -  21.1 -  30.1 -  33.9
^ 1 0 ^  A 1 A ' 3 B 3 B^  + ^10^3 A 3 A ' 1B 1B^ -  26.1 -  35.5(=-21 .4 -14 .1 ) -  36.8
p
Dispersion0, cross
^8^1A 1A ' 1B 3 B  ^ + C 8^1A 3 A ' 1B 1B^ (a.u. x 10'2 ) 109.3 -  8.8(= -72.5+63.7)
—
C 1 0 ^  A 3 A ' 3 B 1 B^ -  4.6 6.2
—
C 10^ a 3 a <1 b 3 b ) (a.u. x 10'4 ) 27.3 67.1 —
C 10^2 A 2 A ' 1B 3 B^  + C 10^1A 3 A ' 2 B 2 B^ 30.0 6.1 (= -20.0+26.1) —
;i In geometry I the two molecules have their corresponding symmetry axes parallel and coinciding 
z-axes. Geometry II can be obtained from I by rotating one of the molecules over 90° around its a :-axis. 
The isotropic value is obtained by averaging over all orientations [formula (10)].
h The electrostatic energy has been computed in basis set C, the induction and dispersion terms in 
basis set D [27].
c In C H) the nonzero cross terms arising from (11,15) and (11,24) interactions are lacking.
an iso tropy  in the second o rd e r  con tr ibu tions  is d o m in a ted  by these terms, ra th e r  
than  by the o rien ta tiona l  d ep en d en ce  of the quad ra t ic  terms.
T he  isotropic long range in terac tions  calculated with the o rien ta tiona lly  
averaged  form ula  (10) can be co m p ared  with the experim en ta l  value C 6 =  
599 .6  a.u. ob ta ined  from viscosity da ta  [45]. T he  experim en ta l  C 6, which 
describes the long range par t  of a L e n n a rd - J o n e s  poten tia l ,  should  be considered  
as an effective C 6 which, in fact, also contains h igher (C 8, C 10) contr ibu tions.  The  
isotropic induction and dispersion energy  calculated, for instance, at R  =  
10 a.u., with the average C 6, C 8, C w from T able  II is 64 .63  x  10~5 a.u., in ra th e r  
good ag reem en t  with the experim en ta l  result, 59 .96  x  10~5 a.u.
Table  III shows that, indeed , in the e thy lene  crystal the an iso trop ic  terms, both  
in first and second o rder ,  cancel to a large ex ten t  in the cohesion  energy. 
Prelim inary  lattice dynam ics calculations at o u r  institute by W asiutynski have 
shown, though, that these an iso trop ic  term s do  have significant effects on the 
pho n o n  m odes  in the crystal, particularly  on the librational m odes. T here fo re ,  
they m ay  strongly influence specific crystal p ropert ies ,  for instance, the tendency
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T a b l e  III. Lattice energy contributions (in 10“ a.u.) for the ethylene crystal (“b-structure” [46]), 
computed as a sum of dimer interactions, employing basis B in Unsold’s approximation [44].
Summation range (a.u.); in parentheses: number of molecules
R=7.82 R=8.59 R=9.20 9.2CKR 14 .0K R  18 .4K R
<14.01 <18.41 <47.23 Total
(2) (8) (2) (14) (32) (970) (1028)
Electrostatic3
Cg(2,2) R‘s 0.43 -1 .12 -0.11 -0 .19 0.03 0.01 -  0.95
Ct (2,4}R'7 0.25 0.14 0.15 -0.02 0.01 <  0.01 0.53/
Sum 0.68 -0 .98 0.04 ' -0.21 0.04 0.01 -  0.42
Induction3
C8 (1 1,2) R 8 + C 10(22.2)R-'° -0 .04 -0.11 -0.02 <-0.01 <-0.01 « - 0 . 0 1 -  0.18
Dispersion3
C6(11.11 )R'6 -1 .52 -3.37 -0.51 -0 .50 -0 .33 -0 .25 -  6.48
Cod 1,22)R'8 -1 .25 -2 .14 -0.27 -0 .15 -0 .06 -0.02 -  3.89
C8(1 1,13) R‘ 8 (cross) -0 .10 0.03 0.07 <0.01 « 0 . 0 1 «  0.01 <  0.01
C10(22,22)R*10 -0.47 -0 .62 -0.07 -0 .02 -0.01 <-0.01 -  1.19
C, 0 ( 11,33) R '1 0 -0 .60 -0 .73 -0 .09 -0 .03 -0.01 <-0.01 -  1.46
Sum -3.94 -6 .83 -0.87 -0 .70 -0.41 -0.27 -13.02
a Including both (A , B) and (£, A )  interactions.
to undergo  o r ien ta tiona l  o rd e r -d is o rd e r  transitions, as observed  for e thy lene  at 
high pressures  [47].
Finally we rem ark  that o u r  results in Refs. [16], [27], and [44] indicate tha t  the 
m ultipole  expansion , in first as well as in second o rder ,  starts  to diverge for 
e thy lene  at a d istance which is only slightly sm aller than  the crystal neares t-  
ne ighbor distance. For  crystals built of larger m olecules such as pyrazine the 
m ultipole  expansion  b reaks  dow n already  for the nea res t-ne ighbors  [44]. T h e re ­
fore, w hen one  evaluates  van der  W aals potentia ls ,  for application to m olecu lar  
crystal calculations, charge p en e tra t io n  (and exchange) effects should  be included, 
at least for the first shell of neighbors. H ence , we are pursu ing  the v b  type 
calculations, as described  in Section 2, for which the  in form ation  abou t  the  basis 
set op tim ization  and  the an iso tropy  of the long range in teractions  p resen ted  in this 
p ap e r  is very useful.
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